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1. Introduction
The wreath product of association schemes is important in the study of association schemes.
Recently G. Bhattacharyya, S.-Y. Song and R. Tanaka [2] studied the Terwilliger algebra of the asso-
ciation scheme which is the wreath product of one-class association schemes. S.-Y. Song and B. Xu
[6] revisited the wreath product of one-class association schemes, and gave complete descriptions
of the structures of its Bose–Mesner algebra and Terwilliger algebra. In particular, it was proved in
[6] that if the association scheme X = (X, {Ri}0id) is the wreath product of one-class association
schemes such that k0  k1  · · · kd , where k0,k1, . . . ,kd are valencies of X , then for any 0 i  d,
{R0, R1, . . . , Ri} is a closed subset, and Ai A j = ki A j for any 0  i < j  d, where A0, A1, . . . , Ad are
adjacency matrices of X .
In this paper we prove that the converse of the result of Song and Xu [6] mentioned in the above
paragraph is also true. That is, we have the following
Theorem 1.1. LetX = (X, {Ri}0id) be an association scheme, A0, A1, . . . , Ad the adjacency matrices ofX ,
and k0,k1, . . . ,kd the valencies of X such that k0  k1  · · · kd. Then the following are equivalent:
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(ii) For any 0 i  d, {R0, R1, . . . , Ri} is a closed subset of X .
(iii) X is commutative and Ai A j = ki A j , for any 0 i < j  d.
In particular, we have the next corollary. For any positive integer n 2, let Kn denote the one-class
association scheme of order n.
Corollary 1.2. Let X be an association scheme. If the Bose–Mesner algebra of X is exactly isomorphic to
the Bose–Mesner algebra of the wreath product Kn1  Kn2  · · ·  Knd , where ni  2 for all 1  i  d, then
X ∼= Kn1  Kn2  · · ·  Knd .
The above theorem and corollary say that the wreath product of one-class association schemes is
characterized by the algebraic structure of its Bose–Mesner algebra. In order to prove Theorem 1.1
and Corollary 1.2, we need to discuss characterizations of wreath products of association schemes in
Section 2. Then we will prove Theorem 1.1 and Corollary 1.2 in Section 3.
2. Wreath products of association schemes
In this section we present characterizations of wreath products of association schemes. For the def-
initions, notation, and some basic facts about association schemes, subschemes, and quotient schemes,
the reader is referred to [1,7,10].
Let X = (X, {Ri}0id) be an association scheme. Following [10], we may also denote {Ri}0id
by S , and call S an association scheme on X . Let T be a closed subset of S , and x ∈ X . Then
the subscheme deﬁned by xT is denoted by TxT , where xT := {y ∈ X : (x, y) ∈ t for some t ∈ T },
TxT := {txT : t ∈ T }, and txT := t ∩ (xT × xT ). For any x, y ∈ X , the Bose–Mesner algebras (or scheme
rings) of the subschemes TxT and T yT are exactly isomorphic (cf. [7, Lemma 6.1(i)]). However, it is
possible that, for some x, y ∈ X , the subschemes TxT and T yT themselves may not be isomorphic
association schemes (see Example 2.7 below for such an example). For more details about morphisms
and isomorphisms between association schemes, the reader is referred to [8–10].
Deﬁnition 2.1. Let S be an association scheme on X , and T a closed subset of S . If for any x, y ∈ X ,
there is an isomorphism φ from the subscheme TxT to the subscheme T yT such that φ(txT ) = t yT , for
any t ∈ T , then we say that T is a separable closed subset of S .
A separable closed subset of an association scheme is called an arranged closed subset in [5].
Deﬁnition 2.2. Let S be an association scheme on X , and T a closed subset of S . If the elements
of X are ordered in such a way that for any x, y ∈ X such that x, y ∈ zT for some z ∈ X , x and y are
ordered exactly in the same way as in zT , then we say that the elements of X are ordered according to
the closed subset T .
A result similar to the next lemma for commutative association schemes can be found in [1,
Theorem 9.4, p. 140]. Here we have a different approach, and we do not assume that the associa-
tion scheme S in the next lemma is commutative. Let S be an association scheme on X , and T a
closed subset of S . Then we have the quotient scheme S//T on X/T , where X/T := {xT : x ∈ X},
S//T := {sT : s ∈ S}, and sT := {(xT , yT ): (x, y) ∈ u for some u ∈ T sT }. For two matrices A = (aij)
and B , the Kronecker product of A and B is A ⊗ B := (aij B).
Lemma 2.3. Let S be an association scheme on X, and T a closed subset of S. Assume that the elements of X
are ordered according to the closed subset T . Then for any s ∈ S,∑
σu = σsT ⊗ JnT ,
u∈T sT
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nT × nT matrix whose entries are all 1.
Proof. Since {xT : x ∈ X} forms a partition of X , it is enough to prove that for any x, y ∈ X , if
(xT , yT ) ∈ sT for some s ∈ S , then for any x˜ ∈ xT and any y˜ ∈ yT , (x˜, y˜) ∈ u for some u ∈ T sT . Since
(xT , yT ) ∈ sT , there is p ∈ T sT such that (x, y) ∈ p. Also x˜ ∈ xT and y˜ ∈ yT imply that (x, x˜) ∈ t1
and (y, y˜) ∈ t2 for some t1, t2 ∈ T . Hence, (x˜, x) ∈ t∗1, and (x˜, y˜) ∈ t∗1pt2. That is, (x˜, y˜) ∈ u for some
u ∈ t∗1pt2. But T is a closed subset of S . So t∗1 ∈ T , t∗1T = T , and T t2 = T . Hence,
t∗1pt2 ⊆ t∗1(T sT )t2 = T sT .
Therefore, u ∈ T sT , and the lemma holds. 
Let Si be association schemes on Xi for i = 1,2. Assume that X1 = {x1, x2, . . . , xn}, X2 =
{y1, y2, . . . , ym}, and the elements of X1 × X2 are ordered as follows:
(x1, y1), (x2, y1), . . . , (xn, y1), (x1, y2), (x2, y2), . . . , (xn, y2),
. . . , (x1, ym), (x2, ym), . . . , (xn, ym). (2.1)
Let A0, A1, . . . , Ad and B0, B1, . . . , Be be the adjacency matrices of S1 and S2, respectively. Then the
adjacency matrices Cl , 0 l d + e, of the wreath product S1  S2 are given by
C0 = B0 ⊗ A0, C1 = B0 ⊗ A1, . . . , Cd = B0 ⊗ Ad, Cd+1 = B1 ⊗ Jn,
. . . , Cd+e = Be ⊗ Jn,
where Jn is the n × n matrix whose entries are all 1.
The next lemma gives some basic properties of the wreath product of two association schemes. Let
Si be association schemes on Xi for i = 1,2. Then S1 ∼= S2 if and only if |S1| = |S2| and the elements
of X1 and X2 can be ordered in such a way that the adjacency matrices of S1 are also the adjacency
matrices of S2.
Lemma 2.4. Let S, S1 , S2 be association schemes on X, X1 , X2 , respectively. If S ∼= S1  S2 , then there is a
closed subset T of S such that the following hold.
(i) T is a separable closed subset of S, and for any x ∈ X, the subscheme TxT ∼= S1 .
(ii) For any t ∈ T and s ∈ S \ T , σtσs = σsσt = ntσs , where σt and σs are adjacency matrices of t and s,
respectively, and nt is the valency of t.
(iii) The quotient scheme S//T ∼= S2 .
(iv) S ∼= TxT  (S//T ), for any x ∈ X.
Proof. Let A0, A1, . . . , Ad and B0, B1, . . . , Be be the adjacency matrices of S1 and S2, respectively.
Assume that X1 = {x1, x2, . . . , xn}, X2 = {y1, y2, . . . , ym}, and the elements of X1 × X2 are ordered as
in (2.1). Then the adjacency matrices of the wreath product S1  S2 are B0 ⊗ A0, B0 ⊗ A1, . . . , B0 ⊗ Ad ,
B1 ⊗ Jn , . . . , and Be ⊗ Jn . Since S ∼= S1  S2, the elements of X can be ordered as follows
x11, x21, . . . , xn1, x12, x22, . . . , xn2, . . . , x1m, x2m, . . . , xnm (2.2)
such that the adjacency matrices of S are given by
C0 = B0 ⊗ A0, C1 = B0 ⊗ A1, . . . , Cd = B0 ⊗ Ad, Cd+1 = B1 ⊗ Jn,
. . . , Cd+e = Be ⊗ Jn. (2.3)
Let T = {t ∈ S: σt = Ci for some 0 i  d}. Then clearly T is a closed subset of S .
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(2.3) yields that for any t ∈ T , if σt = Ci , 0  i  d, then the adjacency matrix of txT is Ai . Hence,
T is a separable closed subset of S , and TxT ∼= S1.
(ii) follows directly from (2.3).
(iii) For any t ∈ T , T tT = T , and ∑t∈T σt = B0 ⊗ Jn . On the other hand, for any s ∈ S \ T , T sT = {s}
by (ii). Note that the elements of X are ordered according to the closed subset T by (2.2) and (2.3).
Thus by Lemma 2.3, the adjacency matrices of the quotient scheme S//T are B0, B1, . . . , and Be . So
S//T ∼= S2.
(iv) is immediate from (i) and (iii). 
Lemma 2.5. Let S be an association scheme on X. Assume that there is a separable closed subset T of S such
that for any t ∈ T and s ∈ S \ T , σtσs = ntσs , where σt and σs are adjacency matrices of t and s, respectively,
and nt is the valency of t. Then
S ∼= TxT  (S//T ), for any x ∈ X .
Proof. Let x1, x2, . . . , xm ∈ X such that x1T , x2T , . . . , xmT form a partition of X . Assume that for any
t ∈ T , the adjacency matrix of tx1T is At . For any 2 j m, since the closed subset T is separable, we
may assume that the elements of x j T are ordered in such a way that the adjacency matrix of tx j T is
also At , for any t ∈ T . Now let the elements of X be ordered according to the closed subset T in the
order x1T , x2T , . . . , xmT . Then for any t ∈ T , the adjacency matrix of t is given by
σt = Im ⊗ At, where Im is them ×m identity matrix. (2.4)
Let t ∈ T and s ∈ S \ T . Since T a closed subset yields that t∗ ∈ T and s∗ ∈ S \ T , we see that σt∗σs∗ =
nt∗σs∗ . So σsσt = ntσs , and hence T sT = {s}. Therefore, Lemma 2.3 implies that for any s ∈ S \ T ,
σs = σsT ⊗ JnT , where nT is the valency of T . (2.5)
Therefore, (2.4) and (2.5) imply that S ∼= TxT  (S//T ), for any x ∈ X , and the lemma holds. 
From Lemmas 2.4 and 2.5 we have the following theorem. This theorem gives a characterization
of the wreath product of two association schemes.
Theorem 2.6. Let S be an association scheme on X. Then the following are equivalent.
(i) S ∼= S1  S2 for some association schemes S1 and S2 .
(ii) There is a separable closed subset T of S such that for any t ∈ T and s ∈ S \ T , σtσs = σsσt = ntσs , where
σt and σs are adjacency matrices of t and s, respectively, and nt is the valency of t. Furthermore, TxT ∼= S1
for any x ∈ X, and S//T ∼= S2 .
The next example says that for an association scheme S on X with closed subset T , it is possible
that for some x, y ∈ X , the subschemes TxT and T yT are not isomorphic.
Example 2.7. Let X and Y be two association schemes such that X Y but the Bose–Mesner algebras
of X and Y are exactly isomorphic. We may assume that X = (X, {Ri}0id) with adjacency matrices
A0, A1, . . . , Ad , Y = (Y , {S j}0 jd) with adjacency matrices B0, B1, . . . , Bd , X ∩ Y = ∅, and the exact
isomorphism between the Bose–Mesner algebras of X and Y is deﬁned by Ai 
→ Bi , 0 i  d. Let X =
{x1, x2, . . . , xn}, Y = {y1, y2, . . . , yn}, and Z = {x1, x2, . . . , xn, y1, y2, . . . , yn}. Let Z = (Z , {Th}0hd+1)
be an association scheme whose adjacency matrices C0,C1, . . . ,Cd,Cd+1 are given by
Ch =
(
Ah 0
0 Bh
)
, 0 h d, Cd+1 =
(
0 Jn
Jn 0
)
.
It is clear that T := {T0, T1, . . . , Td} is a closed subset of Z , the subscheme Tx1T ∼= X , and the sub-
scheme Ty1T ∼= Y . Therefore, Tx1T  Ty1T . Furthermore, Z is not isomorphic to the wreath product
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the Bose–Mesner algebra of X  K2.
Let Xi be an association scheme which is uniquely determined by its intersection numbers up to
isomorphism for i = 1,2. The next example says that the wreath product X1 X2 may not be uniquely
determined by its intersection numbers up to isomorphism. Let X be an association scheme. An exact
isomorphism from the Bose–Mesner algebra of X to itself is called an algebraic automorphism of X .
If any algebraic automorphism of X is induced by a combinatorial automorphism, then X is called a
quasi-separable scheme.
Example 2.8. Let X = (X, {Ri}0i6) be the complete aﬃne scheme of order 5; that is, X is the asso-
ciation scheme arising from the aﬃne plane of order 5. It is well know that X is uniquely determined
by its intersection numbers up to isomorphism, but X is not quasi-separable. Let ϕ be an algebraic
automorphism of X that is not induced by a combinatorial automorphism. Let A0, A1, . . . , A6 be
the adjacency matrices of X . Assume that ϕ(Ai) = Aσ(i) , 0  i  6, where σ is a permutation on
{0,1, . . . ,6}. Let Z = (Z , {Th}0h7) be an association scheme such that the adjacency matrices are
given by
Ci =
(
Ai 0
0 Aσ (i)
)
, 0 i  6, C7 =
(
0 J25
J25 0
)
.
Then Z X  K2, but the Bose–Mesner algebras of Z and X  K2 are exactly isomorphic. Thus, X  K2
is not uniquely determined by its intersection numbers up to isomorphism, although each of X and
K2 is uniquely determined by its intersection numbers up to isomorphism.
3. Separable schemes and wreath products of one-class association schemes
In this section we prove Theorem 1.1 and Corollary 1.2. Let X and Y be association schemes. An
exact isomorphism from the Bose–Mesner algebra of X to that of Y is called an algebraic isomorphism
from X to Y . It is well known that any combinatorial isomorphism of association schemes induces
an algebraic isomorphism, but an algebraic isomorphism of association schemes need not be induced
by a combinatorial isomorphism. An association scheme X is called a separable scheme (cf. [4]) if any
algebraic isomorphism between X and some association scheme Y is induced by a combinatorial
isomorphism.
Let S be an association scheme on X with adjacency matrices A0, A1, . . . , Ad . Then S is separable
if and only if for any association scheme T on Y with adjacency matrices B0, B1, . . . , Bd and any
exact isomorphism ϕ from the Bose–Mesner algebra of T to the Bose–Mesner algebra of S such that
ϕ(Bi) = Aσ(i) , where σ is a permutation on {0,1, . . . ,d}, the elements of Y can be ordered in such a
way that Bi = Aσ(i) , 0 i  d. This fact will be used in the proof of the next lemma.
Lemma 3.1. Let S1 be a separable association scheme on X1 . Then the following hold.
(i) If S2 is an association scheme on X2 which is uniquely determined by its intersection numbers up to
isomorphism, then so is S1  S2 .
(ii) If S2 is a separable association scheme, then so is S1  S2 .
Proof. Let A0, A1, . . . , Ad and B0, B1, . . . , Be be the adjacency matrices of S1 and S2, respectively.
Then the elements of X1 × X2 can be ordered in such a way that the adjacency matrices of S1  S2
are given by
B0 ⊗ A0, B0 ⊗ A1, . . . , B0 ⊗ Ad, B1 ⊗ Jn, . . . , Be ⊗ Jn,
where n = |X1|. Let S be an association scheme on X whose Bose–Mesner algebra is exactly iso-
morphic to that of S1  S2. Assume that the adjacency matrices of S are C0,C1, . . . ,Cd+e , and by
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S1  S2 is deﬁned by
ϕ(Ci) =
{
B0 ⊗ Ai, if 0 i  d;
Bi−d ⊗ Jn, if d + 1 i  d + e. (3.1)
Let T = {t ∈ S: σt = Ci for some 0 i  d}. Then by (3.1), T is a closed subset of S , and ϕ induces an
algebra isomorphism
ϕT : 〈Ci〉0id → 〈Ai〉0id, Ci 
→ Ai, 0 i  d,
where 〈Ci〉0id is the subalgebra of the Bose–Mesner algebra of S generated by C0,C1, . . . ,Cd , and
〈Ai〉0id is the Bose–Mesner algebra of S1. Let x ∈ X , and let (σt)xT be the adjacency matrix of the
element txT in the subscheme TxT . Then ϕT induces an exact isomorphism from the Bose–Mesner
algebra of TxT to that of S1 such that (Ci)xT 
→ Ai , 0 i  d. But S1 is separable. So for any x ∈ X , the
elements of xT can be ordered in such a way that (Ci)xT = Ai , 0 i  d. Hence, T is a separable closed
subset of S , and TxT ∼= S1 for any x ∈ X . Furthermore, if the elements of X are ordered according to
the closed subset T , then
Ci = Im ⊗ Ai, 0 i  d, (3.2)
where m = |X2|. For any i ∈ {0,1, . . . ,d} and any j ∈ {d+1, . . . ,d+e}, (3.1) implies that CiC j = C jCi =
kiC j , where ki is the valency of Ci . So by Lemma 2.5, S ∼= TxT  (S//T ) for any x ∈ X . Furthermore, ϕ
induces an exact isomorphism ϕ˜ from the Bose–Mesner algebra of the quotient scheme S//T to the
Bose–Mesner algebra of S2 such that
ϕ˜(σ1T ) = B0 and ϕ˜(σsT ) = Bh−d, if σs = Ch, d + 1 h d + e. (3.3)
(i) If S2 is uniquely determined by its intersection numbers up to isomorphism, then S//T ∼= S2.
Hence S ∼= TxT  (S//T ) ∼= S1  S2, and (i) holds.
(ii) If S2 is separable, then from (3.3), the elements of X/T can be ordered in such a way that
σ1T = B0 and σsT = Bh−d , if σs = Ch , d + 1 h d + e. Therefore, Lemma 2.3 yields that
Ch = Bh−d ⊗ Jn, d + 1 h d + e. (3.4)
Hence, (3.2) and (3.4) imply that ϕ is induced by a combinatorial isomorphism, and (ii) holds. 
Lemma 3.1(ii) was proved for coherent conﬁgurations in Evdokimov’s thesis [3]. Our approach in
this paper is different from [3]. The author is indebted to M. Muzychuk for the communication of this
result. The author would also like to thank Evdokimov for the discussion.
Recall that for association schemes S1 and S2 that are uniquely determined by their intersection
numbers up to isomorphism, the wreath product S1  S2 may not be uniquely determined by its
intersection numbers up to isomorphism (see Example 2.8 in Section 2). However, if X1 is separable,
then X1 X2 is uniquely determined by its intersection numbers up to isomorphism by Lemma 3.1(i).
In a way similar to the proof of Lemma 3.1, we can prove the following
Corollary 3.2. The wreath product of quasi-separable association schemes is quasi-separable.
Proof. It is enough to prove that the wreath product of two quasi-separable schemes is quasi-sepa-
rable. Let X = (X, {Ri}0id) and Y = (Y , {S j}0 je) be quasi-separable schemes. Let A0, A1, . . . , Ad
and B0, B1, . . . , Be be adjacency matrices of X and Y , respectively. Then the elements of X × Y can
be ordered in such a way that the adjacency matrices of X Y are given by
B0 ⊗ A0, B0 ⊗ A1, . . . , B0 ⊗ Ad, B1 ⊗ Jn, . . . , Be ⊗ Jn,
where n = |X |. Let ψ be an algebraic automorphism of X Y . Then it is clear that
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where σ is a permutation on {0,1, . . . ,d} such that σ(0) = 0, and τ is a permutation on {0,1, . . . , e}
such that τ (0) = 0. Thus, ψ induces algebraic automorphisms ψσ of X and ψτ of Y such that
ψσ (Ai) = Aσ (i), 0 i  d, and ψτ (B j) = Bτ ( j), 0 j  e.
Since both X and Y are quasi-separable, ψσ and ψτ are induced by combinatorial automorphisms
of X and Y , respectively. Hence, ψ is induced by a combinatorial automorphism of X  Y , and the
corollary holds. 
For any positive integer n  2, the one-class association scheme Kn is separable. So Corollary 1.2
follows directly from Lemma 3.1(ii). Now we prove Theorem 1.1. We need two lemmas ﬁrst. The next
lemma follows directly from [6, Proposition 2.4]. We include a short proof here for the convenience
of the reader.
Lemma 3.3. LetX = (X, {Ri}0id) be a commutative association scheme, and A0, A1 , . . . , Ad the adjacency
matrices of X . Assume that
Ai A j = ki A j, 0 i < j  d.
Then for any 0 i  d, {R0, R1, . . . , Ri} is a closed subset of X .
Proof. For any 1 j  d, we have that( j−1∑
i=0
Ai
)
A j =
j−1∑
i=0
Ai A j =
( j−1∑
i=0
ki
)
A j.
But on the other hand,( j−1∑
i=0
Ai
)
A j =
(
J −
d∑
i= j
Ai
)
A j = k j J − (A j)2 − k j
d∑
i= j+1
Ai = k j
j∑
i=0
Ai − (A j)2.
Thus,
(A j)
2 = k j
j−1∑
i=0
Ai +
(
k j −
j−1∑
i=0
ki
)
A j.
Therefore, for any 0 i  d, {R0, R1, . . . , Ri} is a closed subset of X . 
The next lemma describes the structures of Bose–Mesner algebras of wreath products of one-class
association schemes.
Lemma 3.4. (See [6, Theorem 2.2].) LetX = Kn1  Kn2  · · ·  Knd be the wreath product of one-class association
schemes Kn1 , Kn2 , . . . , and Knd , where d, n1,n2, . . . ,nd are positive integers greater than or equal to 2. Let
A0, A1, . . . , Ad be the adjacency matrices of X , and let k0,k1, . . . ,kd be the valencies of X . Assume that
k0  k1  · · · kd. Then X has the following properties.
(i) The valencies are k1 = n1 − 1 and
ki = (k0 + k1 + · · · + ki−1)(ni − 1) = n1 · · ·ni−1(ni − 1), for i = 2,3, . . . ,d.
(ii) Ai A j = ki A j , 0 i < j  d.
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(iv) For any 1 i  d, {R0, R1, . . . , Ri} is a closed subset of X .
Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. (i) ⇒ (ii) follows directly from Lemma 3.4(iv).
(ii) ⇒ (iii) For any 0  i < j  d, {R0, R1, . . . , R j−1} a closed subset implies that phij = 0 for all
0 h j−1. Also {R0, R1, . . . , R j} a closed subset forces that phij = 0 for all j+1 h d (if j+1 d).
Thus, we must have that p ji j = ki and that Ai A j = ki A j for all 0  i < j  d. Similarly, we can also
show that A j Ai = ki A j for all 0 i < j  d. So (iii) holds.
(iii) ⇒ (i) For any 0  i  d, {R0, R1, . . . , Ri} is a closed subset of X by Lemma 3.3. Thus, for
every 1  i  d, since both {R0, R1, . . . , Ri−1} and {R0, R1, . . . , Ri} are closed subsets of X , it fol-
lows that the valency of the closed subset {R0, R1, . . . , Ri−1} divides the valency of the closed subset
{R0, R1, . . . , Ri}. That is, k0 + k1 + · · · + ki−1 divides k0 + k1 + · · · + ki . Hence, k0 + k1 + · · · + ki−1
divides ki . Let
ni = ki
k0 + k1 + · · · + ki−1 + 1, 1 i  d.
Then each ni is a positive integer greater than or equal to 2. Let Y = Kn1  Kn2  · · ·  Knd . From the
deﬁnition of ni , 1 i  d, we see that 1+ k1 = n1, and for any 2 j  d,
1+ k1 + · · · + k j = n1 · · ·n j and k j = n1 · · ·n j−1(n j − 1).
Hence,
k j −
j−1∑
i=0
ki = k j(n j − 2)
n j − 1 , 1 j  d.
Hence, from Lemma 3.4 and the proof of Lemma 3.3, the Bose–Mesner algebra of Y is exactly iso-
morphic to the Bose–Mesner algebra of X . Therefore, X ∼= Y by Corollary 1.2, and (i) holds. 
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